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Abstract. We investigate periodic diffeomorphisms of non-compact aspheri- 
cal manifolds (and orbifolds) and describe a class of spaces that have no ho- 
motopically trivial periodic diffeomorphisms. Prominent examples are moduli 
spaces of curves and aspherical locally symmetric spaces with x ^ 0. In the 
irreducible locally symmetric case, we show that no complete metric has more 
symmetry than the locally symmetric metric. In the moduli space case, we 
build on work of Farb and Weinberger and prove an analogue of Royden's 
theorem for complete finite volume metrics. 



1. Introduction 

A classical theorem of Borel, restricted to the case of closed hyperbolic manifolds 
(M, hhyp) of dimension > 2, asserts that for any Riemannian metric g on M, the 
isometry group Isom(M, g) is abstractly isomorphic to a subgroup of Isom(M, hh yp )- 
Thus, in a sense, the hyperbolic metric is the most symmetric of all metrics. In this 
paper, we study this and related phenomena for some noncompact locally symmetric 
spaces and for moduli spaces of curves (with any number of punctures). Our work 
gives new information, for instance, about the isometry group of the McMullen 
metric on Teichmuller space and establishes a version of Royden's calculation. It 
also extends Borel's result to noncompact locally symmetric spaces with x / 0- 

A context for this work is suggested by the recent geometric approach to com- 
puting the isometry groups of closed aspherical manifolds and their universal covers 
developed by Farb and Weinberger in [FW08] . In the case of a closed hyperbolic 
manifold, this approach gives a dichotomy for the isometry group of the universal 
cover. Either g is a constant multiple of the hyperbolic metric, or the isometry 
group of the universal cover is discrete and contains the covering translations as a 
subgroup of index < Yo\{M,hh yp )/s(n), where the constant e(n) is the volume of 
the smallest n-dimcnsional hyperbolic orbifold. 

The object of this paper is to extend the simple picture described above for closed 
hyperbolic manifolds to two classes of non-compact aspherical orbifolds: the locally 
symmetric spaces of non-zero Euler characteristic, and moduli spaces of curves. A 
fundamental question in the context of this problem is whether there are nontrivial 
periodic diffeomorphisms of the universal cover which commute with the action of 
the fundamental group. Closely related is the following 



Question: Is every homotopically trivial periodic diffeomorphism of the aspherical 
manifold M equal to the identity? 
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1.1. Locally symmetric spaces. We show that a locally symmetric manifold M 
of non-zero Euler characteristic has no homotopically trivial periodic diffeomor- 
phisms. Combining this with Nielsen realization for surfaces, or Margulis-Mostow- 
Prasad rigidity in higher dimensions, we see that the locally symmetric metric is 
the most symmetric one. That is, the isometry group Isom(M, g) of any other com- 
plete Riemannian metric g on M is isomorphic to a subgroup of Isom(M, h sym ). If 
g has finite volume, then we also get a result for the isometry group of the universal 
cover. 

Theorem 1. Let (M,h sym ) be a non-positively curved, finite volume, irreducible 
locally symmetric manifold. Suppose that ^ 0. If g is any complete finite 

volume Riemannian metric on M then either 

• g is a constant multiple of the locally symmetric metric, or 

• the isometry group of the universal cover Isom(M, 7j) is discrete and con- 
tains ttiM as a subgroup of index < vol(Af, h sym ) / e(h sym ). 

The constant e(h sym ) is the volume of the smallest locally symmetric orbifold 
covered by (M, h sym ). It does not depend on the metric g. The non-positively 
curved symmetric spaces whose lattices have non-zero Euler characteristics include 
even-dimensional hyperbolic spaces, Hermitian symmetric spaces with no compact 
or Euclidean factors, and products of these. 

1.2. Moduli spaces of surfaces. Let M.^ n be the moduli space of hyperbolic 
structures on a genus g orientable surface with n punctures^, X a smooth manifold 
and X — > M-^ n a finite degree regular branched cover. We show that X cannot 
have any non-trivial, homotopically trivial, periodic diffcomorphisms. If the real 
dimension of the moduli space -M^ n is at least six, then work of Ivanov [Iva02] im- 
plies that every periodic diffeomorphism of X is homotopy equivalent to a covering 
translation. Together, these facts imply that the moduli space is a minimal 
orbifold. It is not a finite branched cover of any smaller orbifold. 

Remark 1. The four-dimensional moduli spaces are related by a degree five cover 
M 1 2 — > Mq 5 corresponding to the quotient of the twice-punctured torus by the 
hyperelliptic involution. In this case, we show that the orbifold A4q 5 is minimal. 

Combining this with a result of Farb and Weinberger (1.2 in [FWlOj V which 
shows for a complete finite volume metric on moduli space that the isometry group 
of the universal cover contains the covering translations as a finite index subgroup, 
we establish an exact analogue of Royden's computation of isometries of the Te- 
ichmuller metric. 

Theorem 2. Suppose that S is not a sphere with < 4 punctures or a torus with 
< 2 punctures. Let g be a complete Finsler metric on Teichmiiller space Teich(S') 
which is invariant under the extended mapping class group Mod ± (S') and has finite 
covolume. Then, all isometries of the metric g are elements of the extended mapping 
class group acting by covering translations. 

For the Teichmiiller metric this result was originally proved in |Roy71| using 
analytic methods, but for McMullen's Kahler hyperbolic metric and other finite 
volume complete metrics on moduli space it is new. 



This is double covered by the space of oriented hyperbolic structures A4g } 
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Curiously, an infinite covolume metric on Teichmiiller space can have extra 
isomctries. We give an example of a metric whose isometry group contains the 
free product of Z with a finite index subgroup of the mapping class group. More 
generally, we have the following 

Example 1. Given two non-compact aspherical manifolds M and N whose univer- 
sal covers arc diffcomorphic to R m there is a complete infinite volume Riemannian 
metric g on M so that the free product ttiM * iriN acts by isometries on the 
universal cover (M, <?). 

f.3. The general picture. Theorems Q] and [2] are both special cases of a single 
method, whose range of applicability we will now describe. An aspherical manifold 
can have homotopically trivial periodic diffeomorphisms if the fundamental group 
has a center, or if it is 'too small' compared to the dimension of the manifold. For 
instance, the line R has an involution, while the plane M 2 and the circle S* 1 both 
have rational rotations. It is known that aspherical manifolds of non-zero Euler 
characteristic have centerless fundamental groups (7.2 in [Liic02j). To describe a 
class of manifolds with 'large' fundamental groups, we need the following notion. 

Definition 1. A manifold M with a properly discontinuous T-action is T-tameable 
if there is complete Riemannian bounded geometrjQ metric on M which is T- 
invariant and has finite r-covolume. Sometimes we will call such a manifold T-tame. 

Manifolds of this sort were studied by Cheeger and Gromov in |CG85b| [CG86 
and |CG85aj . They behave like T-covers of closed manifolds from the point of 
view of L 2 cohomology. Examples are regular covers of closed manifolds, sym- 
metric spaces with the action of a lattice and — by McMullen's result |McM00| — 
Teichmiiller spaces with the action of the mapping class group. 

The main technical result of this paper is the following theorem. It describes 
conditions on an aspherical manifold which ensure there are no homotopically trivial 
periodic diffeomorphisms. 

Theorem 3. Let M be an aspherical manifold with itiM-tame universal cover. 
Suppose all three of the following conditions hold. 

(1) The fundamental group ~K\M is residually finite. 

(2) M is the interior of a compact manifold with boundar^ dM. 

(3) The Euler characteristic x(M) is non-zero. 
Then, 

(1) Any homotopically trivial periodic diffcomorphism of M is the identity. 

(2) ix\M does not commute with any non-trivial compact Lie group K < DiffAf. 
More generally, ix\M does not normalize any such K . 

Now pick a complete Riemannian (or more generally Finsler) metric g on M. 
The first application of Theorem [3] is a non-compact analogue of Borel's result. 

Theorem 4. Under the hypotheses of Theorem the isometry group Isom(M, g) 
is isomorphic to a finite subgroup of Out(7TiAf ). 

If the metric g has finite volume, then we also get the following recognition 
theorem for irreducible x^O locally symmetric spaces among aspherical manifolds. 

2 The sectional curvatures are bounded above and below, and the injectivity radius is > e > 0. 
■^Tliis assumption is convenient, but not necessary. See subsection 16. II 
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Theorem 5. Suppose M satisfies the hypotheses of Theorem^ and in addition, 
niM is irreduciblqj. If g is a finite volume complete Riemannian (or Finsler) metric 
on M, then 

• (M, g) is an irreducible, non-positively curved, finite volume, x 7^ locally 
symmetric space, or 

• The isometry group Isom(Af ,g) is discrete and contains tt\M as a finite 
index subgroup. 

For closed aspherical manifolds, our Theorem [5] is (the x ^ case of) Theorem 
1.3 of |FW08j . For moduli spaces, it is Theorem 1.2 of [FW10] . For noncompact 
X / locally symmetric spaces, it is new. 

The paper is organized as follows. In section [5] we review the covering space 
theory needed to lift isometries to the universal cover. In section [3] we recall what 
we need about fixed point sets of Z/p actions. Then, we describe a strengthening of 
the basic Smith theory result which applies to our situation. This is enough to give 
a proof of Borel's theorem in section |4] In section [5] we formulate precisely when 
a manifold has 'many intersections' (condition (rti)) and show that such a manifold 
can't be a bundle. In section |6] we recall what we need about Betti numbers of 
covers and construct finite covers satisfying (rh). We also explain how to remove 
the hypothesis that M is the interior of a compact manifold with boundary. In 
section [7] we prove Theorem [3j In section [8] we prove Theorem [5] As corollaries of 
this, we prove Theorems [2] and Q] in sections l9l and \TU\ respectively. In section [T2l we 
show that Theorem [5] does not extend to metrics of infinite covolume. In section 
[H]we prove Theorem 21 

Acknowledgements. I would like to thank my advisor Shmuel Weinberger for his 
guidance, inspiration and encouragement, Benson Farb for suggesting that a lack of 
homotopically trivial isometries should yield Royden's theorem, and Tarn Nguyen 
Phan for helpful discussions about locally symmetric spaces. I would also like to 
thank all three for reading earlier versions of the paper and making a number of 
suggestions. 

2. Lifting isometries 

Let / : M — > M be a homeomorphism of the manifold M. A lift of this home- 
omorphism to the universal cover M — > M is a homeomorphism / making the 
diagram 



M M 

(1) { I 

M -A M 

commute. Composing / with a covering translation 7 £ tt\M gives another lift 7/ 
of /. If G is a group acting by homeomorphisms on the manifold M then the lifts 
L of these homeomorphisms to the universal cover form a group extension 

1 -> mM L -¥ G 1. 



That is, if A X B is a finite index subgroup of V then either A or B is trivial. 
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It is well known (see 8.8. in |ML95j ) that any group extension 



1 -> JJ -)• L -> G -J- 1 



is determined by 

(1) a representation p : G Out (II), and 

(2) a class in the cohomology groudj JJ 2 (G; Z(H)). 

In the special case when the homomorphism p and the center Z(H) are both trivial 
we get the trivial extension. 

Proposition 6. J/1 — > H — > L — > G — > 1 is a group extension, H has trivial center 
and the conjugation homomorphism p : G — > Out (JJ) is trivial, then the extension 
L is isomorphic to the product H x G. 

Proof. Since the homomorphism p is trivial, for every g 6 L there is 7(5) in JJ such 
that conjugation by g agrees with conjugation by 7(5) on JJ. The element 7(5) is 
unique because JJ has trivial center, so we get a homomorphism L — > JJ, g 1-4 7(5) 
which splits the extension. □ 



Let p be a prime. In this section we describe the homological structure of the 
fixed point set of a Z/p-action. The basic theme is that the fixed point set cannot 
be Z/p-homologically more complicated than the ambient space. First, suppose 
that a contractible manifold M is equipped with a complete, non-positively curved 
metric g and the group Z/p acts by isometries of this metric. Then the fixed point 
set F is a totally geodesic submanifold. In particular, it is non-positively curved 
and has no closed geodesies, so it is also contractible. For a general metric we can 
only conclude that the fixed point set 'looks contractible from the point of view of 
Z/p- homology.' More precisely, one has the following result of Smith theory. 

Theorem 7 (2.2 in chapter VII of |Bre72j ). Suppose the group Z/p acts smoothly 
on a smooth, contractible manifold M. Then, the fixed point set F C M of the 



3.1. Z/p x ttiM- act ions. The Z/p-actions on the universal cover M we are in- 
terested in are obtained by lifting homotopically trivial Z/p-actions on the base 
manifold M. These actions commute with the covering action of the fundamental 
group tt\M . (See Proposition |6]) In this situation, we have an amplification of 
Theorem [7J 

Notation. For the rest of this section, M is a smooth aspherical manifold and 
M is its universal cover. We are given a Z/p-action on the universal cover which 
commutes with the 7TiM-action, hence descends to a Z/p-action on the manifold M. 
We pick a triangulation of the smooth manifold M in which the smooth Z/p-action 
is simplicial (this can be done by 7.1 in jI1183j .) The universal cover M is given the 
lifted (hence 7TiM-equivariant) triangulation. All chain complexes are simplicial. 



3. Z/p-ACTIONS AND SMITH THEORY 




(2) 



H,(F;Z/p) JJ*(M;Z/p). 



'The coefficients Z{H) are a G- module via p. 
'In particular, the fixed point set is connected. 
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3.2. Projecting the Z/p-action to covers. Let T < tt\M be a subgroup of the 
fundamental group and and let <f> £ Z/p. Since the Z/p-action on the universal cover 
M commutes with the n\M- action, it descends to any other cover M' = M /Y via 
the formula 

(3) <(>(Yx) = Y4>{x). 

The following lemma shows that the fixed point set F' of the Z/p- action on M' is 
the projection F/Y of the fixed point set F of the Z/p-action on the universal cover 
M. In other words, we have the commutative diagram 

F ^ M 

(4) | I 

F' ^ M'. 

The vertical maps are T-covers and the horizontal maps are inclusions. 

Lemma 8. If <fi preserves the Y-orbit of a point x £ M, then <f> fixes the orbit 
pointwise. 

Proof. If 4>(Yx) — Yx, then there is 7 £ Y such that 

(5) 4>{x) — jx. 
Since <f> and 7 commute and 4> £ Z/p, we find 

(6) x = <j> p (x) = ^^(x) = (fP- x ~ix = j^ix) = ■■■= Yx. 

Thus, the element j p £ Y C 7Ti(M) fixes the point x £ M. Since the fundamental 
group acts freely on M , we conclude 7 P — 1. The fundamental group of the aspher- 
ical manifold M is torsionfree, so we must have 7=1. Consequently, cf){x) = x and 
for any r £ Y 

(7) 4>(tx) — T<fi(x) = TX, 

so <f> fixes the entire orbit Yx pointwise. □ 

3.3. Homology and cohomology with coefficients in a Z/p[7TiM]-module. 

Next, we will see that the inclusion of the fixed point set F' C M' is a Z/p- homology 
equivalence in every cover M' — > M. 

Theorem 9. Let M be a smooth aspherical manifold and M its universal cover. 
Suppose we have a smooth Z/p-action on M that commutes with the action of K\M 
by covering translations. Let F C M be the fixed point set of the projected Zip- 
action on M . Let V be a Z/p[iriM]- module. Then, the inclusion of the fixed point 
set induces isomorphisms on homology and cohomology with coefficients in V, i.e. 



(8) 
(9) 



H*(F; V) S H.(M;V), 
H*(M;V) ^ H*(F;V). 
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Proof. The key point is that 

(10) -> a (F; Z/p) -> (M; Z/p) -> C* (M, F; Z/p) -> 

is an exact sequence of complexes of free Z/p[7TiM]-modules, and the complex 
C*(M,F;Z/p) is acyclic. 

• The sequence is exact by definition. 

• It is a sequence of complexes of Z/p[7TiM]-modules because the Z/p-action 
commutes with the w±M- action. 

• For each fc-simplex a k in the base M, pick a lift a k in the universal cover 
M. Then, 

C k (F;Z/p) = (B ak eF Z/p[^M)a k) 
C k (M;Z/p) = ® ak Z/p[7riM]3F fc , 
C k (M,F;Z/p) S © CTfc £ F Z/p[7riAf]oF fc , 

show that the Z/p[7riM]-modules in the sequence ([TP)) are all free. 

• Theorem [7] shows that the complex C* (M, F; Z/p) is acyclic. (Its homology 
vanishes in all dimensions.) 

Recall that homology and cohomology with coefficients in V are computed bjQ 

(11) M-,V) = H*(C*(-;Z/p)® z/p[7VlM] V), 

(12) H*(-;V) = H*(Kom z/p[7riM] (a(-;Z/p),V)). 

Since the Z/p[7TiM]-modules appearing in the sequence (fT0|) are all free, the func- 
tor — ®z/p[jnAf] ^ preserves exactness of the sequence (fTUjl and acyclicity of the 
relative complex C*(M, F; Z/p), so the long exact homology sequence shows that 
-ff*(F;y) — » ff*(M;F) is an isomorphism. The same remarks for the functor 
Homg/ p r 7ri jvf](— , V) give the cohomology isomorphism. □ 

Note, in particular, that if Y < -K\M is a subgroup then homology with coeffi- 
cients in the module V — Z/p\k\M/Y\ is just homology in the cover M' — M/Y, 
so the inclusion of the fixed point set is a Z/p- homology isomorphism 

(13) #*(F';Z/p) -> H*{M';Z/p) 

in every cover M' -4 M. This case is also proved by Conner and Raymond in the 
appendix of [CR72j . 

^ I 'p h '-equivalences. Later on, we'll need the standard fact that a Z/p-homology 
equivalence is also a Z/p^-homology equivalence for any N > 1. For a map / : 
X — > Y, let Cf be its mapping cone. The map / : X — > Y is an i?-homology 
equivalence if and only if its mapping cone is i?-acyclic, i.e. H*(C/; R) = 0. 

Lemma 10. If f : X Y is a Z/p-homology equivalence, then it is a Z/p N - 
homology equivalence for all N. 



Here denotes the 7riM-cover. 
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Proof. The long exact homology sequence associated to 



(14) 0^Z4Z4Z/p^0, 

implies that H^(Cf, Z/p) = if and only if the map Z -4- Z induces an isomorphism 

on H r (Cf; Z). Then the map Z — >■ Z induces an isomorphism on H*\Ct] Z) which, 
via the sequence 

N 

(15) Z Z -> Z/p^ 0, 

implies that H*(C f ;Z/p N ) = 0. □ 



4. Borel's symmetry theorem for closed aspherical manifolds 

As a first application, we give a proof of the theorem of Borel (published by 
Conner and Raymond in CR72 ) mentioned in the introduction. The method in 
this simple situation is extended in the rest of this paper. 

Theorem 11 (3.2 in [CR72 ). A closed asperical Riemannian manifold (M,g) with 
centerless fundamental group ix\M has no homotopically trivial isometries. 

Proof. Isometries act on the fundamental group by moving loops around. This 
gives a group homomorphism 

(16) p : Isom(M,g) -> Out(TTiM). 

Its kernel K is the group of homotopically trivial isometries. We will show that 
the kernel is trivial. By the Steenrod-Myers Theorem [MS39 , the isometry group 
Isom(M, g) is a compact Lie group, so the closed subgroup K is also a compact Lie 
group. Since the center Z(wiM) is trivial, Proposition [6] implies that K lifts to a 
subgroup K < Isom(M, 5) which commutes with ~k\M. To show that the compact 
Lie group K is trivial, it suffices to show that it has no elements of prime order p. 
An element of order p would define a Z/p-action which commutes with the *k\M 
action. By Smith theory (Theorem [§]) we find that the inclusion of the fixed point 
set of the Z/p-action F c — > M is a Z/p-homology equivalence. In particular, it is 
an isomorphism 

(17) H m (F; Z/p) S* H m (M- Z/p) 

on mod p homology in dimension m. By hypothesis, the m-dimensional manifold M 
is compact. If M is orientable, then it has a fundamental class [M] € H m (M; Z/p). 
This class corresponds to an m-dimensional class on the fixed point set F, so F 
must be m-dimensional. Since the fixed point set is a closed submanifold of M, 
it must be all of M. In other words, the Z/p-action fixes everything, i.e. it is 
trivial. If M is not orientable, then we use Theorem [S] to get a Z/p-homology 
equivalence F° M° in the orientable double cover M° — > M and proceed as 
before to conclude that the Z/p-action is trivial. □ 
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5. Tubular neighborhoods and intersections of cycles 

In this section, we explain how to show that some manifolds are not bundles 
over lower dimensional submanifolds. We need this for the following reason. The 
proof of Borel's theorem for compact manifolds reduced to showing that there are 
no order p homotopically trivial isometries. We used covering space theory together 
with Smith theory to show that the inclusion of the fixed point set F of such an 
isometry into the manifold M is a Z/p- homology equivalence. When M is compact, 
we saw that the fixed point set is equal to all of M using the fundamental class. 

Everything up to the last step works the same way for a non-compact manifold 
M. To replace the last step, we proceed as follows. The fixed point set of an 
isometry has a tubular neighborhood NF which is a disk bundle over F. In detail, 
let 

(18) F A- NF A M 

be the standard inclusions. Let n be the codimension of the fixed point set F inside 
the manifold M. Saying that NF is a tubular neighborhood of F means that we 
have a fibre bundle ir : NF — > F, whose fibres are n-disks 7r _1 (a:) = D n . The fixed 
point set F is the zero section of this bundle, that is ir o % = n \p= id,F- 

The tubular neighborhood NF deformation retracts onto the fixed point set F, 
so the inclusion j : NF M is a Z/p- homology equivalence. To show that our 
isometry is trivial we need to show that the fixed point set is the entire manifold. In 
other words we need to know that M is not Z/p-homology equivalent to a normal 
bundle of a lower-dimensional submanifold F. 

Our goal now is to describe a homological condition which ensures this. We do 
this in subsection 15.41 To set things up, we recall Poincare duality, intersections 
and the Thorn isomorphism in the form we need (for non-compact manifolds). A 
reference for the first two is |Hat02j . 

Notation. For the remainder of this section, we adopt the following notations. 
We have an orientable, m-dimensional manifold M and an orientable submanifold 
i : F M of lower dimension m — n < m. The inclusion i is closed, and the 
manifold F has a tubular neighborhood j : NF ^ M. The tubular neighborhood 
is an n-disk bundle n : NF —¥ F and i is the zero-section of this bundle. Further, 
in the next three subsections, we will omit the coefficients from the notation for 
homology and cohomology groups. The coefficients may be taken to be Q, Z, or 
Z/p N . 

5.1. Poincare duality. If M is an orientable m-dimensional manifold, then we 
have a Poincare duality isomorphism 

(19) PD:H k (M) = H"- fe (M), 

(20) [a] ^ Va , 

from the homology of the manifold M to the compactly supported cohomology in 
complementary dimension. We denote the Poincare dual of a cycle [a] by r\ a . 

5.2. Cap products and intersections. For any cohomology class to £ H n (M) 
and k > 0, the cap product with w is a linear map 
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(21) H n+k (M) u % ] H k (M), 

[b] i — ^ un[i)]. 

Further, set w n [b] = when [b] is a homology cycle of degree < n. 

On the n th homology group, it is just defined by evaluating the cohomology class 
w on the cycle [b] . On the higher degree homology groups (k > 0) the cap product 
is defined on simplices by evaluating on only part of the simplex. (See [Hat02].) A 
consequence of this is that if we can find representatives for u) and [b] which have 
disjoint supports, then u fl [b] = 0. 

For future reference we recall a formula relating cap and cup products. If a, j3 
are cohomology classes and [c] is a homology cycle, then 

(22) (au/3)n[c]=anO0n[c]). 



Let [a] € Hk(M) and [b] G H m -k{M) be two cycles whose degrees add up to 
the dimension of M. Call such a pair of cycles complementary. The intersection 
product of two such cycles 

(23) [a]n[b]:=r 1a n[b}=r) a ([b}), 

is the Poincare dual of [a] evaluated on the cycle [b] . 

On a connected manifold M, the intersection product has the following geomet- 
ric interpretation. Pick representatives for the cycles [a] and [b] which intersect 
transversally. The set theoretic intersection of these representatives is a finite col- 
lection of points. By keeping track of orientations, we assign each intersection a 
sign ±1. Then, the intersection [a] n [b] is the sum of these signs. 

Cap products behave naturally with respect to open inclusions. Let j : U >• V 
bet the inclusion of an open subset U, and let 77 be an n-cocylce in U which can be 
supported on a set C C U that is closed in V. Then, one can extend 77 by zero to a 
cocycle on V. Let [c] be a fe-cycle. The definition of cap product on the level of 
simplices implies that 

(24) 3*{v^[c])=j*vnj*[c\. 

If — in addition — V is an orientable manifold, then intersection products on U 
and V make sense. For a pair of complementary cycles [a] and [b] in U, we get 

(25) 3.([a]n[b])=Ma]nj,[b]. 

In other words, we can compute the intersection of the two cycles [a] and [b] either 
in the open submanifold U or in the ambient manifold V. 

Consequently, if j : U <-> V is a homology equivalence, then we can localize any 
intersection in V to an intersection in U, because all the cycles in V come from U. 



®The left part of (1236 could be used to define the intersection product for more general pairs 
of cycles. However, we will only use the notation [a] n [b] when the cycles have complementary 
dimensions. 
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5.3. Thorn isomorphism. We use the notations from the beginning of this sec- 
tion. The tubular neighborhood is a bundle ir : NF — > F. It has a Thorn class 

(26) Th(NF) £ H n (NF, NF \ F). 

The fact that the Thorn class lies in the relative cohomology group 
H n (NF, NF \ F) means that its support can be localized to a smaller tubular 
neighborhood of the submanifold F. Thus, the class is 'compactly supported in the 
fibre direction.' 

Multiplying a compactly supported class by the Thorn class produces the Thorn 
isomorphism 

(27) H*(F) T -^f H?+*{NF), 

<q h-> n*ril)Th(NF). 

The Thorn class Th(NF) is 'compactly supported in the fibre direction' of the 
bundle NF, while the cycle Tr*r/ is 'compactly supported in the base direction'. 
Consequently, their product Th(NF) U 77*77 i g compactly supported on the entire 
bundle NF. 

The Thorn isomorphism is related to Poincare duality by the following commu- 
tative diagram. 

H?- n -*(F) T ^> n Hf-*(NF) 

(28) t t 

H*{F) H*(NF). 

Here, the vertical arrows are Poincare duality isomorphisms. 
In other words, if [ao] £ Hk(F;Z) is a homology cycle in the manifold F, then 
the Poincare dual of its image z*[ao] inside NF is given by the formula 

(29) r, u [ao] = Thom(r/ Q0 ) = TT*rj ao U Th(NF). 

Putting things together, we get the following lemma. It says that two comple- 
mentary cycles in the tubular neighborhood NF can be moved apart if one of them 
can be moved off the zero section F. 

Lemma 12. If [a] and [b] are complementary cycles and 

(30) Th(NF) n [b] = 
then the cycles can be moved apart. That is, 

(31) [a] n [b] = 0. 

Proof. Since the bundle deformation retracts onto the zero section, there is a cycle 
[ao] £ H m _k{F) such that i*[ao] = [a]. Thus, 

[a]n[6] = i»[a ]n[b], 

= ?7i,[a ] H [b], def. of intersection 

= ( 7 r*? 7ao ur/ l (^ J F 1 ))n[6], by (EH) 

= Tr*r) ao n (Th(NF) n[b}), by® 
= 0. by O 
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□ 

5.4. Showing that a manifold is not the normal bundle of a submanifold. 

We use the notations from the beginning of this section. Consider the following 
condition on an m-dimensional, orientable manifold M. 



(iti) For any cohomology class ui £ H n {M\ Z) of dimension n > there is some k 
and complementary homology cycles [a] £ _ff m _fc(M; Z) and [b] £ Hf,{M, Z) 
such that 

(32) uj n [b] = 0, 

(33) [a] n [b] ^ 0. 



Hcuristically, this condition says that l M has many intersections'. We now show 
that such a manifold M cannot look Z/p-homologically like a bundle over a lower- 
dimensional submanifold. 

Proposition 13. Let M be an m-dimensional, orientable manifold and F <^-> M 
an (m — n)- dimensional, orientable submanifold which is a closed subset of M . Let 
j : NF <—} M be a tubular neighborhood of this submanifold. If M satisfies condition 
(ftl) and n > 0, then the open inclusion j is not a Z/ p-homology equivalence. 

Proof. The Thorn class Th(NF) can be supported on a smaller tubular neighbor- 
hood of F, which means that it can be extended by zero to a class j*Th(NF) £ 
H n (M;Z) on the whole manifold M. Applying (rh) to j^Th(NF) gives a pair of 
cycles [a] £ 7? m _fc(M;Z) and [b] £ Hk(M;Z) such that 

(34) j*Th(NF) n [b] = 0, 

(35) [a]n[b] + 0. 

Pick a large enough power N so that p N does not divide the intersection number 
[a] n [&]. Then, equations © and ([35J hold in Z/p^-homology for the Z/p N - 
reductions of j^Th(NF), [a] and [&]. 

Assume that j is a Z/ 'p-homology equivalence. By Lemma [TUl it is also a *Z/p N - 
homology equivalence, so we find complementary cycles [oo], [bo] £ H r (NF;Z/p N ) 
with j*[a ] = [a] and j*[bo] = [&]• 

Plugging this in and using naturality of cap products and intersections under 
open inclusions (see fllMl) and ([2"5"|)). we get the equations 

= j.Th(NF)nj*[ba] 
= j*(Th(NF)n[b ]), 

o / i*[«o] n j*[6 ] 
= j*([ao] n [& ]), 

in Z/p^-homology 

Since the map j is a Z/p N homology equivalence, we get 

= Th(NF)n[b ], 
o ^ [oo] n [&o]. 

This contradicts Lemma H2l Thus, j cannot be a Z/p-homology equivalence. □ 
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6. BETTI NUMBERS OF FINITE COVERS. 

In this section we produce a finite degree cover with M l —y M with 'many 
intersections' (see Proposition [TB)) . To do this, we first recall some facts about 
L 2 -betti numbers. The examples that are of most interest to us are finite volume 
aspherical locally symmetric manifolds, and finite manifold covers of moduli space 
(i.e. quotients of Teichmiiller space by a finite index torsionfree subgroup of the 
mapping class group). These examples are of the following sort. (See subsections 
I10.1l and l9.1l for more details and references.) 

(1) The fundamental group T :— ~K\M is torsionfree and residually finite. 

(2) M is the interior of a compact manifold with boundary dM. 

(3) The universal cover M is contractible and L-tame. 

(4) The L 2 -betti numbers of T vanish except, possibly, in the middle dimension. 
The middle L 2 -Betti number is equal to the absolute value of the Eulcr 
characteristic. 

<*> »?„<M;r) = { M M)l *J££ 

Remark 2. We do not know of any groups which satisfy the third condition but 
not the fourth one. The question whether (3) implies (4) seems to be a sort of finite 
volume version of the Singer conjecture for closed aspherical manifolds. 

Let dM be the T-cover of the boundary. Cheeger and Gromov showed that (2) +(3) 
implies that the boundary dM is L 2 -acyclic in the sense that 

(37) 6f 2) (cW;r) = 

for every k. (This is Theorem 3.2 of |CG85bj for residually finite L and 1.2 of 
CG85a] in general.) If V is residually finite, then the following theorem of Luck 
lets one approximate the L 2 -betti numbers by the (ordinary) betti numbers of a 
sequence of finite regular covers, normalized by the degree of the covers. 

Theorem 14 (Luck's approximation theorem |Luc94j ) . Let M be homotopy equiv- 
alent to a finite complex and M —¥ M a regular cover with residually finite group 
of covering translations T . Pick regular finite covers M l —yMof degree di :— 
deg(M* -> M) converging to M. Then, 

(38) b? 2) (M;T) = hm . 

The Euler characteristic is multiplicative in covers, %(M l ) = di •x(M), so Luck's 
approximation theorem implies 

(39) x(M) = X (2) CM;L) ;= £(-l)^ 2) (M; L). 

k 

If x(M) ^ then there is a smallest non-zero i 2 -bctti number bf 2) (M;T). bmce 
the fundamental group T is infinite, the di tend to infinity, so Luck's approximation 
theorem together with (f3T|) implies that there is a finite cover M l — > M which 
satisfies 



9 This means wiM = tl i n 1 M i 
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(40) bkiA'P-Q) - & fc _ n (M*;(Q>) > b k (dA>P;Q) 

for every n > 0. This is precisely what we need to prove Proposition 1161 As a 
first step, we need the following lemma. It says that the cycles which intersect 
everything trivially all come from the boundary. E 

Lemma 15. Let (W, dW) be a m- dimensional compact manifold-with-boundary. 
Then, the image I of the map 

H k (dW;Q) -> H k (W;Q) 

consists of precisely those cycles [a] G H k (W;Q) for which [a] n [b] — rj a n [b] = 
for all [b] e H m - k (W;Q). 

The dimension of this space is dimjj I < b k (dW; Q). 

Proof. Look at the commutative diagram 

fl' m_fc_1 (9W;Q) A Jf m - fe (W,<W;(Q>) A #" m_fe (W; Q) ... 

...-»• # fe (dW;Q) -> ff fc (W;Q) -»• H k (W,dW;Q) 

The horizontal lines are exact sequences in cohomology and homology, while the 
vertical lines are Poincare duality isomorphisms. The subspace / is Poincare dual 
to the kernel of r, which consists of precisely those r\ a which define trivial maps 

H k (W;Q) -> Q, 

[b] %n[6]. 

This proves the first part of the lemma. The second part is clear. □ 

Next, we produce a finite cover with many intersections. 

Proposition 16. Let M be an m- dimensional aspherical manifold with ix\M-tame 
universal cover. Suppose that 

(1) The fundamental group ir\M is residually finite. 

(2) M is the interior of a compact manifold with boundary dM. 

(3) The Euler characteristic x(M) is non-zero. 

Then, then there is a finite degree cover M % — 1 M such that for any n > and uj £ 
H n (M l ;Z), there is k and cycles [a] £ fl m _ k (M < ;Z), [6] G ff fe (M l ;Z), satisfying 

oj n [b] = o, 

[a] n [b] ^ 0. 

Proof. Let M % ->Mbea finite cover satisfying equation (|40p. Capping with the 
cohomology class ui gives a linear map 

(41) H k (AP; Q) Q). 

Its kernel is a vector subspace of H k (M l ;Q) of dimension at least b k (M l ;Q) — 
b k - n (M % ; Q) and by equation (|40|) this number is greater than b k (dM l ;Q). Thus, 
by the previous lemma, the kernel must contain a cycle [b]q on which the intersection 
form is non-zero. In other words, there are cycles of complementary dimensions [a]q 



One direction of this is clear. If a cycle comes from the boundary then we can push it towards 
the boundary and move it away from any other cycle. 
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and [b]q 6 H*(M*;Q) such that ui n [b]q = and [a]® n [6]q ^ in i?*(AP;Q). 
Clearing denominators, we get cycles [a]z, [&]z G if*(M 4 ; Z) so that 

(42) w n [6]z is torsion , 

(43) [o] z n[6] z ^ 0. 

Multiplying [b]z by an appropriate positive integer r, we get a cycle r[6]z for which 
u n = while the intersection [a]z (~l r[6]z is still nonzero. □ 

6.1. Manifolds of infinite type. The assumption that M is the interior of a 
compact manifold-with-boundary is not actually necessary. Equations (0.4)-(0.13) 
in the paper |CG85aj explain why, if M is 7riM-tameable, then the existence of a 
certain exhaustion M = UjMj of M by compact manifolds-with-boundary Mj with 
controlled geometry of the boundary would imply 

lim bUMf,T) = b k {2) (M;T), 

J— >00 V ' y ' 

lim bf 2) (dMj]T) = 0. 

Such an exhaustion is constructed in the later paper [CG91 . Given this, one 
can establish Proposition [16] and all the remaining results of this paper without 
assuming the existence of a boundary. In the statements of the theorems, one 
should replace the Euler characteristic, which might not be defined when M is not 
the interior of a manifold with boundary, by the L 2 -Euler characteristic which is 
always defined if M is 7TiM-tameable. Two arguments need to be modified. 

• For Proposition 1161 we use Luck's approximation theorem to find a cover 
Mj -> Mj such that 

b k (M};Q)/b (M}; Q) - 6 fc _„(Mj; Q) > b k (dM}; Q) 

for all n > and note that this implies some connected component J7j of 
Mj satisfies 

b k (U}; Q) - bk- n (U}; Q) > b k (dU}; Q) 

for all n > 0. Then proceed as in the proof of Proposition [TBI to get the 
equations w Pi [b] =0 and [a] fl [6] / on f/j . The same equations hold on 
M l because t/j C Mj is a connected open submanifold. 

• For the compactness of the isometry group in the proof of Theorem [4] we 
show that for sufficiently large j, the subset Mj cannot be moved off itself 
(because it contains most of the L 2 -cohomology) instead of M . 

Doing this has the advantage of avoiding the deep results about existence of bound- 
aries for locally symmetric manifolds and moduli spaces. 

7. Proof of Theorem [3] Eliminating periodic diffeomorphisms 

Let r := tt\M be the fundamental group of M. We begin by proving the following 
part of the theorem. 
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Claim: If T commutes with the compact Lie group K then K = 1. To 

check that a compact Lie group is trivial, it suffices to check that it has no elements 
of prime order p. Suppose we have such an element. In other words, we have a 
smooth Z/p-action which commutes with the T-action. We apply Theorem [9] to 
show that in any cover M' — > M, the inclusion of the fixed point set F 1 M' 
is a Z/p- homology equivalence. At this point, we want to pick M' with 'many 
intersections' (satisfying condition (iti)) and use Proposition [T3l to show that the 
fixed point set F' is all of M' . However, to apply this proposition, we first need to 
make sure that the manifold M' and the fixed point set F' are orientable. If M is 
not orientable, let M° — > M be the orientation double cover. (Set M° = M is M 
is orientable.) 

• If p is odd, then the Z/p-action is orientation-preserving, so that the fixed 
point set F° is orientable. 

• If p = 2, then we know that the inclusion of the fixed point set F° e -t 
M° is a Z/2-homology equivalence. Thus, it induces an isomorphism 
H 1 (M°;Z/2) ~ H 1 {F°;Z/2). If F° is not orientable, then its orientation 
double cover is classified by a map F° — > K (Z/2, 1). The isomorphism 
above shows that this map factors through F° <^-> M° — > K(Z/2, 1). Thus, 
taking a further double cover of M° if necessary, we may assume that F° 
is orientable. 

Now, the manifold M° is satisfies the conditions of Lemma [16] so it has a further 
finite degree cover M' — > M° — > M satisfying (rh). Finally, the fixed point set 
F' and the cover M' are orientable, because they cover F° and M°, respectively. 
At this point, we can apply Proposition [13] Since F' M' is a Z/p- homology 
equivalence, and M' has 'many intersections' we conclude that the fixed point set 
F' is all of M'. This shows that the Z/p-action is trivial. Consequently, the group 
K is trivial. This proves the claim. 

No homotopically trivial periodic diffeomorphisms. Since x(M) ^ the 
manifold M has centerless fundamental group (7.2 in |Liic 02 ). so Proposition [6] 
shows that a homotopically trivial periodic diffeomorphism / lifts to a periodic 
diffeomorphism / of the universal cover which commutes with the fundamental 
group. The above claim shows that this lift / is the identity, so the diffeomorphism 
/ is also the identity map. 

If r normalizes a compact Lie group K, then K = 1. We do this by suc- 
cessively eliminating characteristic compact subgroups. This is similar to what is 
done in |FW10| . Let Kq < K be the identity component of the compact Lie group. 
We have the exact sequence 

(44) 1 ->• Kl° l -> K Q ->• K S S ->• 1, 

where K$° l is the maximal normal connected solvable subgroup and K^ s is semi- 
simple. Since Kq° 1 is a compact connected solvable group, it is a torus (5 1 )™. The 
finite subgroup (Z/p)™ < (S 1 )" 11 is characteristic (it consists of the elements of order 
1 and p in the torus), Kq° 1 is characteristic in Kq, the group Kq is (topologically) 
characteristic in K and T acts on K by conjugation, so P also acts on the group 
(Z/p)" by conjugation. Since this last group is finite, some finite index subgroup 
r' < r acts trivially on it, i.e. T' commutes with (Z/p)". By the claim above, we 
have n = so that Kg is semisimple. Thus, the center Z(Kq) is finite so some finite 
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index subgroup of T commutes with it and by the claim we find that the center is 
trivial. Let T' < T be the kernel of the conjugation homomorphism V — > Out(ifo)- 
Since Kq is semisimple, its outer automorphism group Out(ifo) is finite so the 
kernel is a finite index subgroup. By Proposition |6l the group generated by Kq and 
r' splits as a product Kq x V and by the claim above we conclude that Kq is trivial. 
We've shown that if is a finite group. Thus, there is a finite index subgroup r" < T 
which commutes with K and by the claim K is trivial. 

8. ISOMETRY GROUPS OF UNIVERSAL COVERS 

In this section, we prove Theorem[5] In fact, we prove the following generalization 
of that theorem, which allows some torsion in the covering group F and realizes the 
isometry group of the universal cover as a subgroup of an algebraic gadget called 
the abstract commensurator of T. 

Definition 2. The abstract commensurator Comm(r) is the group of equivalence 
classes of isomorphisms tp : i\ — > 1^ between finite index subgroups Ti,r2 of V, 
with two such isomorphisms tj) : T± — > T2 and ij) : r' x — > T' 2 being equivalent if they 
agree on some further finite index subgroup of T. 

Theorem 17. Let M be a contractible T-tame manifold. Suppose the action ofT 
on M is effective and there is a finite index torsionfree subgroup V < T. Suppose, 
in addition, that the following three conditions hold. 

(1) r is residually finite and irreduciblW^. 

(2) M /V is the interior of a compact manifold with boundary. 

(3) The Euler characteristic x(M /T") is non-zero. 

If g is a complete Finsler metric on M which is T-invariant and has finite T- 
covolume then either 

• (M, g) is isometric to a symmetric space, or 

• The isometry group Isom(M ,g) is discrete andT is a finite index subgroup. 
Moreover, there exist inclusions 

(45) T < Isom(M,</) < Comm(r). 

The conditions of the theorem imply that the group T is centerless (see the re- 
mark below.) The substance of equation (|45[) is that the isometry group injects into 
the abstract commensurator. This is a group theoretic analogue of the geometric 
statement that there are no homotopically trivial isometries in any finite cover of 
M /V . It means that information about the commensurator can give quantitative 
bounds on the size of the isometry group. In general, the abstract commensura- 
tor is difficult to compute, but much is known about it for lattices in symmetric 
spaces, and it is completely determined for (finite index subgroups of) mapping 
class groups. 

The proof below uses methods developed by Farb and Weinberger in |FW10| . 
The main new ingredient is Theorem [31 which allows us to eliminate compact Lie 
groups commuting with the covering group. Previously, one only had a way of elim- 
inating connected compact Lie groups which was not enough to get a quantitative 
bound on the size of the isometry group. Moreover, the previous method relied on 
Despotovic's result [Des06 about the action dimension of the mapping class group, 



llr That is, if A X B is a finite index subgroup of V then either A or B is finite. 
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while our method does not. We also replace a couple arguments specific to the 
mapping class group by general J 2 -cohomology arguments. 

• If x^H-T) 7^ then T has no infinite normal amenable subgroups (7.2 (1), 
(2) in |Liic02p 

• If x {2) (T) ^ 0, then any two contractible r-tame manifolds M and N have 
the same dimension (5.2 in |CG 86 ). 

Remark 3. Let T be the group in Theorem [5] Since it has non-zero J 2 -Eulcr 
characteristic, its center Z(T) is finite. Applying Theorem [3] to the quotient of M 
by a finite index torsionfree subgroup T' < T we find that the center acts trivially 
on M. Since we've assumed that T acts effectively, we conclude that Z(T) = 1. 

Proof of Theorem 1171 Let J := Isom(M, g) be the isometry group and Jo its 
identity component. The group J is a Lie group acting properly and smoothly on 
M. ( |MS39j in the Riemannian case and |DH02j in the general Finsler case.) Let 
To = L n Iq. Then, we have an exact sequence 

(46) 1 -> It -> J -> J SS -> 1 

where Jq oZ is the maximal connected solvable normal subgroup of Jo and Jq s is semi- 
simple. The group To has |Rag07| a unique maximal normal solvable subgroup Tg '. 
This subgroup is characteristic in Lo, so it is normal in F. Since Tq° 1 is solvable, it is 
amenable, so X (F) implies this group is finite. Farb and Weinberger |FW10] 
show that Tq is a lattice in Iq- (This only uses the assumption that g has finite 
T-covolume and no particular properties of the mapping class group situation.) 
This lets them use Prasad's Lemma 6 in |Pra76j to conclude that Ig° l is compact 
and the center Z(Iq s ) is finite. Since Iq oL is characteristic, it is normalized by T. 
Since it is compact, Theorem implies it is trivial. Thus, Iq = Jq s . Now, T acts by 
conjugation on the finite group Z(Ig s ) so again Theorem [3] shows Z(Iq s ) = 1. Thus, 
Iq is scmisimplc with trivial center. Next, we note that it cannot have any compact 
factors: the product K of the compact factors is a characteristic subgroup, so it is 
normalized by T and by Theorem [3] it must be trivial. Thus, Iq is semisimple with 
trivial center and no compact factors. Now, look at the extension 

(47) i->i -><i 0> r>->r/ro->i. 

Let r' < r be the kernel of the conjugation homomorphism T — > Out(Jo)- It is a 
finite index subgroup of T, since Iq is semisimple with trivial center. By Proposition 
[6]the extension < Iq, V > splits as Iq x (V /T' ), where T' = V n Iq. Consequently, 
r' = r o x (r'/r o ). Since r' is irreducible, we must have either that T' is finite or 
that T' is a finite index subgroup of V . Now we look at these two possibilities. 

Case 1: T' is a finite index subgroup of V. Recall that To is a lattice in the 
Lie group Iq. Since T' is a finite index subgroup of Tq, it is also a lattice in Iq. 
Let K < Iq be a maximal compact subgroup. The quotient Iq/K is a symmetric 
space with no compact or Euclidean factors, so it is contractible and r o -tame (see 
subsection 1 10.1[) . The manifold M is also contractible and r-tame. Since T' < T is 
a finite index subgroup, M is also r o -tame. Since x^(Po) ^ 0> Io/K an d M have 
the same dimension. (Sec Corollary 5.2 in [CG 86 _). On the other hand, an orbit of 
Jo acting on M has the form Iq ■ x — Iq/K x for some compact subgroup K x < Iq. 
We have dim M — dim Iq /K < dim Jq /K x < dim M so the inequalities are actually 
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equalities. In other words, the isometry group Iq is acting transitively on M, i.e. 
(M, g) is isometric to a symmetric space. 

Case 2: V is finite. If T' Q is finite, so is Tq. Since Tq is a lattice in Iq and Jo has 
no compact factors, this implies that Iq is trivial, so that the isometry group I is 
discrete. Since T is a lattice in /, we conclude that it is a finite index subgroup of 
I. Conjugation by elements of I preserves some finite index subgroup V < T, so it 
defines a commensuration of T. This gives a homomorphism 



Let / be in the kernel of this homomorphism. It acts trivially by conjugation on 
some subgroup V < T, so it commutes with that subgroup. Since V has trivial 
center (x (r') ^ implies the center is finite, and a finite group commuting with 
r' must be trivial by Theorem [3]) , we have < f > PiT' = 1 so that the group 
< /, T' > is a product < / > xl' and the element / has order at most |//T'| < oo. 
By Theorem [31 / is trivial, so that I is a subgroup of Comm(r). 

This completes the proof of Theorem [171 and of its special case Theorem 

Remark 4. For future use, we also note that if M/T is a finite branched cover of 
an orbifold Y, then the orbifold fundamental group ir° rb Y acts properly discontin- 
uously on M and contains T as a finite index subgroup. The argument above shows 
that there are inclusions 



This can sometimes be used to bound the degree of the branched cover M/T — > Y. 

9. Moduli spaces 

9.1. Background on moduli spaces. A common reference for most of the prop- 
erties recalled here is the survey [Iva02j . Let S = Sg tTl be the genus g surface 
with n punctures and Mod(S') its mapping class group. The Teichmuller space 
Teich(iS , Sj „) has real dimension 6g — 6 + 2n. The mapping class group is residually 
finite |Gro75j and virtually torsionfree. McMullen's Kahler hyperbolic metric is 
a complete Riemannian bounded geometry metric which is Mod(S')-invariant and 
has finite Mod(S')-covolume IMcMOOj . Consequently, Teichmuller space is Mod(S')- 
tame. Since the McMullen metric is Kahler hyperbolic, the Euler characteristic of 
the mapping class group is non-zero. Teichmuller space has a partial compactifi- 
cation T (analogous to the Borel-Serre partial compactification of arithmetic sym- 
metric spaces) for which T/T is a compact manifold-with-boundary for any finite 
index torsionfree subgroup L < Mod(5).[Har81, Iva89 The mapping class group is 
irreducible (c.f. page 8 of |FW10j ). 

Remark 5. Below, we will only look at the moduli spaces of real dimension at 
least four. (The zero dimensional moduli spaces are finite, and the two dimensional 
moduli spaces are hyperbolic.) 

9.2. Proof of Theorem[2j The above paragraph implies that Theorem [T71 applies 
to finite index subgroups F < Mod 1 * 1 (S) of the extended mapping class group (mod- 
ulo the center in the cases Si t 2 and 6*2,0) acting on Teichmiiller space. Since such 
a r is not a lattice in any symmetric space (1.2a in |FW10j ). we conclude that the 
isometry group I :— Isom(Teich(5*), <?) is discrete and contains T as a finite index 
subgroup. 



(48) 



I ->• Comm(r). 



(49) 



F < TT° rb Y < Comm(F). 
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Let i : T —> Comm(r) be the action of T on itself by conjugation. If S is 
not a sphere with < 4 punctures and not a torus with < 2 punctures, then 
Comm(r) = i(Mod ± (S')). (8.5A and 9.2B in [IvaOl] ) If S lj2 is the torus with 
two punctures, then z(Mod (Si^)) is an index five subgroup of the commensurator 
Comm(Mod ± (S , i :2 )) = Mod ± (S , 0:5 ) (see Proposition 8 in |BM06j .) Plugging this 
information into equation (|45[) shows that 



(50) |//r| < 



|Mod ± (5)/r| if5^5i, 3 , 



5|Mod ± (S')/r| if ^ = Si 



2- 



This proves Theorem [5] when T = Mod (S), and also gives bounds for the isometry 
groups of metrics that are only invariant under a finite index subgroup of Mod^ (S). 

9.3. Isometries of the Teichmuller metric. Royden proved that the isometry 
group of the Teichmuller metric on the Teichmuller space of a closed genus g > 2 
surface is the extended mapping class group |Roy71| and Earle-Kr a [EK74] extended 
this result to genus g surfaces with n punctures whenever 6g — 6 + 2n > 4 and 
(g,ri) 7^ (1)2). In the exceptional case $1,2, they showed that the Teichmuller 
spaces of Si, 2 and So, 5 & r e isometric in the Teichmuller metric, and consequently 
the isometry group of Tcich(Si,2) in that metric is the extended mapping class 
group of Si 5. Thus, the inequality ([50)) is sharp in all cases. 



9.4. Minimal orbifold. The information about the commensurator of the map- 
ping class group described above, together with equation (j49|) . shows that Mf n is 
a minimal orbifold unless (<?, n) — (1, 2). 

10. Locally symmetric spaces 

10.1. Background on locally symmetric spaces. If (M, g) is a closed Riemann- 
ian manifold, then its sectional curvatures are bounded, and its injectivity radius 
is positive, so it has bounded geometry. Thus, its universal cover (M, g) also has 
bounded geometry. Any symmetric space (G/K,g sym ) with its standard symmet- 
ric metric has bounded geometry because it isometrically covers a compact locally 
symmetric space. Thus, it is T-tame for every lattice T < G. Any finite volume 
locally symmetric space M = L \ GJK is the interior of a compact manifold- with- 
boundary |BS73[ |BJ06[ IPS09] . When M is an aspherical locally symmetric space, 
one knows that the middle-dimensional L 2 -Betti number is |x(-M)|, and all other 
L 2 -Betti numbers vanish (see |Olb02j ; he cites |Bor85j as the original reference). 

10.2. Proof of Theorem [TJ The above paragraph shows that Theorem IT71 applies 
to an irreducible x =^ lattice T in the semisimplc Lie group G := Isom(M, h ayrn ). 
If g is a constant multiple of the symmetric metric, then there is nothing to prove, 
so assume that it is not. In this case I :— Isom(M, g) is discrete, and contains P as 
a finite index subgroup. 

Claim: There is an effective, properly discontinuous action of the group I which 
preserves the symmetric metric h sym on M. 

Given this claim, we get 



IVr| = 



Mo\{M/T,h sym ) 
vo\(M/I,h 

sy rn ) 
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Kazhdan and Margulis have shown that the volume of the smallest locally sym- 
metric orbifold covered by a symmetric space with no compact of Euclidean factors 
(M, h sym ) is bounded below by a positive constant e(h sym ) that depends only on 
the symmetric space (c.f. XI. 11. 9 in |Rag 07 ). This proves Theorem [TJ given the 
claim. 

Remark 6. By contrast, note that the real line covers circles of arbitrarily small 
volume. 

Now we prove the claim. Since r < I is a finite index subgroup, there is a 
further finite index subgroup r' < T which is normalized by I. Moreover, since T 
is virtually torsionfree, we may take V to be torsionfree. Now, conjugation by / 
gives a group homomorphism 

(51) p : I/V -> Out(r') 

and it is injective because M /T has no homotopically trivial periodic diffeomor- 
phisms. The image p(I /V) can be represented by isometries of a locally symmetric 
metric (by Kerckhoff 's proof of Nielsen realization Ker83: when M /V is a surface, 
and by Margulis-Mostow-Prasad rigidity if M /V is an irreducible locally symmetric 
space of dimension > 2.) Thus, the group L of lifts 

1 -» T' -> L -)• p(//r') -> 1 

can be represented by isometries of the symmetric metric. This extension is de- 
termined by p since V has trivial center (see section [2J so the group of lifts L is 
isomorphic to /. This proves the claim. 

10.3. Most symmetry. By Theorem @] the isometry group of any complete Rie- 
mannian metric j on a ^ ^ locally symmetric space M is isomorphic to a finite 
subgroup of Out(TTiM). If M is irreducible then, by Nielsen realization/Mostow 
rigidity, the isometry group is isomorphic to a subgroup of the isometry group of a 
locally symmetric metric Isom(M,g) < Isom(M, h sym ). Thus, in a sense, the locally 
symmetric metric has the most symmetry. 

11. Infinite volume metrics and isometries of the base: Proof of 

Theorem [4] 

The main point is to show that the group Isom(Af, g) is compact, even if the 
metric g has infinite volumj^. Then we will show that there are no homotopically 
trivial isometries. 

Compactness of the isometry group. Let Mo C M be the complement of an 
open collar neighborhood of the boundary. We first show that this subset cannot be 
moved off itself by a homeomorphism because it 'contains all of the L 2 -cohomology'. 
If a homeomorphism <j> moves Mq completely off itself (4>{Mq) (~l Mq = 0), then the 
induced isomorphism <f>* on L 2 -homology factors through M \ Mo ~ dM. That is, 
we have maps 

H* {2) (M; T) -> Hfa (8M; V) -> Hfa (M; T) 
and the composition is the isomorphism cf>* . This cannot happen because dM is 
L 2 -acyclic while M is not. 



'For a finite volume complete metric g, this is standard. 
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We've shown that the subset Mo C M cannot be moved off itseff. Thus, a point 
x G Mq gets moved at most a distance 2 • diameter(Mo) =: 2D by any isometry of 
(M,g). The isometry group Isom(M, g) is a Lie group acting smoothly on M, and 
the action 

A : Isom(M, g) -> M x M 
{(f),x) ^ (4>(x),x) 

is a proper map ( MSS!^ in the Riemannian case and [DH02] in the general Finsler 
case). Thus A~ 1 (B X (2D) x {x}) is compact. It contains the closed subset Isom(M, g) x 
{x} (because the orbit Isom(M, g) -x is contained in the closed ball B X (2D)) which 
shows that Isom(M,g) is compact. 

No homotopically trivial isometries. Let K := ker(Isom(M, g) — > Out(7TiM)) 
be the group of homotopically trivial isometries. It is a closed subgroup of the isom- 
etry group so it is also a compact Lie group. Since M has no periodic homotopically 
trivial isometries (Theorem[3]), this group is trivial. Thus, Isom(M, g) < Out(7riM) 
is a compact subgroup of a discrete group. Consequently, it is finite. 

12. Infinite volume metrics and isometries of the universal cover 

In this section, we give an example which shows that Theorem [5] does not extend 
to metrics g of infinite volume. 

Let M and N be non-compact aspherical manifolds whose universal cover is dif- 
feomorphic to R m . Pick a proper embedded rays r\ : [0, oo) — > M and r-i : [0, oo) — > 
N, cut out tubular neighborhoods of these and glue to get a new manifold M# r N 
which is a connect sum along the rays. This manifold is homotopy equivalent to 
the wedge M V N, so it is aspherical, and its fundamental group is 7TiM*7Ti N. The 

quotient M' := (M# r N)/TTiM is homotopy equivalent to M and, in fact, one can 
check that it is diffcomorphic to M. Thus, M is an infinite cover of the manifold 
M# r N. Now, pick a complete Riemannian metric ~g on M# r 7V. It lifts to an infi- 
nite volume complete Riemannian metric g on M, which further lifts to a metric g 
on the universal cover whose isometry group Isom(M,g) contains the free product 

TT\M *TTiN. 
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